The Relativistic Electrodynamics Least Action Principles Revisited: New
  Charged Point Particle and Hadronic String Models Analysis by Bogolubov, N. N. et al.
ar
X
iv
:0
90
2.
44
00
v1
  [
ma
th-
ph
]  
25
 Fe
b 2
00
9
THE RELATIVISTIC ELECTRODYNAMICS LEAST ACTION PRINCIPLES
REVISITED: NEW CHARGED POINT PARTICLE AND HADRONIC STRING
MODELS ANALYSIS
N.N. BOGOLUBOV (JR.), A.K. PRYKARPATSKY, AND U. TANERI
Abstract. The classical relativistic least action principle is revisited from the vacuum field the-
ory approach. New physically motivated versions of relativistic Lorentz type forces are derived,
a new relativistic hadronic string model is proposed and analyzed in detail.
1. Introduction
1.1. The classical relativistic electrodynamics backgrounds: a charged point particle
analysis. It is well known [14, 4, 28, 23] that the relativistic least action principle for a point
charged particle q in the Minkovski space-time M4 ≃ E3×R can be formulated on a time interval
[t1, t2] ⊂ R (in the light speed units) as
δS(t) = 0, S(t) :=
∫ τ(t2)
τ(t1)
(−m0dτ − q < A, dx >M4) =
=
∫ s(t2)
s(t1)
(−m0 < x˙, x˙ >
1/2
M4 −q < A, x˙ >M4)ds.(1.1)
Here δx(s(t1)) = 0 = δx(s(t2)) are the boundary constraints, m0 ∈ R+ is the so called particle
rest mass, the 4-vector x := (r, t) ∈ M4 is the particle location in M4, x˙ := dx/ds ∈ T (M4) is
the particle 4-vector velocity with respect to a laboratory reference system K, parameterized by
means of the Minkovski space-time parameters (r, s(t)) ∈M4 and related to each other by means
of the infinitesimal Lorentz interval relationship
(1.2) dτ :=< dx, dx >
1/2
M4 := ds < x˙, x˙ >
1/2
M4 ,
A ∈ T ∗(M4) is an external electromagnetic 4-vector potential, satisfying the classical Maxwell
equations [28, 14, 4]. the sign < ·, · >H means, in general, the corresponding scalar product in a
finite-dimensional vector spaceH and T (M4), T ∗(M4) are, respectively, the tangent and cotangent
spaces [1, 2, 11, 12, 10] to the Minkovski space M4. In particular, < x, x >M4 := t
2− < r, r >E3
for any x := (r, t) ∈M4.
The subintegral expression in (1.1)
(1.3) L(t) := −m0 < x˙, x˙ >
1/2
M4 −q < A, x˙ >M4
is the related Lagrangian function, whose first part is proportional to the particle world line length
with respect to the proper rest reference system Kr and the second part is proportional to the
pure electromagnetic particle-field interaction with respect to the Minkovski laboratory reference
system K. Moreover, the positive rest mass parameter m0 ∈ R+ is introduced into (1.3) as
an external physical ingredient, also describing the point particle with respect to the proper
rest reference system Kr. The electromagnetic 4-vector potential A ∈ T
∗(M4) is at the same
time expressed as a 4-vector, constructed and measured with respect to the Minkovski laboratory
reference system K that looks from physical point of view enough controversial, since the action
functional (1.1) is forced to be extremal with respect to the laboratory reference system K. This, in
particular, means that the real physical motion of our charged point particle, being realized with
respect to the proper rest reference system Kr, somehow depends on an external observation data
[5, 17, 19, 20, 21, 22, 31] with respect to the occasionally chosen laboratory reference system K.
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This aspect was never discussed in the physical literature except of very interesting reasonings by
R. Feynman in [4], who argued that the relativistic expression for the classical Lorentz force has a
physical sense only with respect to the Euclidean rest reference system Kr variables (r, τ ) ∈ E
4
related with the Minkovski laboratory reference system K parameters (r, t) ∈M4 by means of the
infinitesimal relationship
(1.4) dτ :=< dx, dx >
1/2
M4= dt(1 − u
2)1/2,
where u := dr/dt ∈ T (E3) is the point particle velocity with respect to the reference system K.
It is worth to point out here that to be correct, it would be necessary to include still into the
action functional the additional part describing the electromagnetic field itself. But this part is
not taken into account, since there is generally assumed [30, 29, 39, 41, 42, 43, 45, 44, 46, 47] that
the charged particle influence on the electromagnetic field is negligible. This is true, if the particle
charge value q is very small but the support suppA ⊂M4 of the electromagnetic 4-vector potential
is compact. It is clear that in the case of two interacting to each other charged particles the above
assumption can not be applied, as it is necessary to take into account the relative motion of two
particles and the respectively changing interaction energy. This aspect of the action functional
choice problem appears to be very important when one tries to analyze the related Lorentz type
forces exerted by charged particles on each other. We will return to this problem in a separate
section below.
Having calculated the least action condition (1.1), we easily obtain from (1.3) the classical
relativistic dynamical equations
dP/ds : = −∂L(t)/∂x = −q∇x < A, x˙ >M4 ,(1.5)
P : = −∂L(t)/∂x˙ = m0x˙ < x˙, x˙ >
−1/2
M4 +qA,
where by P ∈ T ∗(M4) we denoted the common particle-field momentum of the interacting system.
Now at s = t ∈ R by means of the standard infinitesimal change of variables (1.4) we can easily
obtain from (1.5) the classical Lorentz force expression
(1.6) dp/dt = qE + qu×B
with the relativistic particle momentum and mass
(1.7) p := mu, m := m0(1− u
2)−1/2,
respectively, the electric field
(1.8) E := −∂A/∂t−∇ϕ
and the magnetic field
(1.9) B := ∇×A,
where we have expressed the electromagnetic 4-vector potential as A := (A,ϕ) ∈ T ∗(M4).
The Lorentz force (1.6), owing to our preceding assumption, means the force exerted by the
external electromagnetic field on our charged point particle, whose charge q is so negligible that
it does not exert the influence on the field. This fact becomes very important if we try to make
use of the Lorentz force expression (1.6) for the case of two interacting to each other charged
particles, since then one can not assume that our charge q exerts negligible influence on other
charged particle. Thus, the corresponding Lorentz force between two charged particles should be
suitably altered. Nonetheless, the modern physics [15, 16, 13, 14, 27, 32, 33, 35, 36, 37, 38] did not
make this naturally needed Lorentz force modification and there is everywhere used the classical
expression (1.6). This situation was observed and analyzed concerning the related physical aspects
in [18], having shown that the electromagnetic Lorentz force between two moving charged particles
can be modified in such a way that it ceases to be dependent on their relative motion contrary to
the classical relativistic case.
To the regret, the least action principle approach to analyzing the Lorentz force structure
was in [18] completely ignored that gave rise to some incorrect and physically not motivated
statements concerning mathematical physics backgrounds of the modern electrodynamics. To
make the problem more transparent we will analyze it in the section below from the vacuum field
theory approach recently devised in [6, 7, 8].
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1.2. The least action principle analysis. Consider the least action principle (1.1) and observe
that the extremality condition
(1.10) δS(t) = 0, δx(s(t1)) = 0 = δx(s(t2)),
is calculated with respect to the laboratory reference system K, whose point particle coordinates
(r, t) ∈ M4 are parameterized by means of an arbitrary parameter s ∈ R owing to expression
(1.2). Recalling now the definition of the invariant proper rest reference system Kr time parameter
(1.4), we obtain that at the critical parameter value s = τ ∈ R the action functional (1.1) on the
fixed interval [τ1, τ2] ⊂ R turns into
(1.11) S(t) =
τ2∫
τ1
(−m0 − q < A, x˙ >M4)dτ
under the additional constraint
(1.12) < x˙, x˙ >
1/2
M4= 1,
where, by definition, x˙ := dx/dτ , τ ∈ R.
The expressions (1.11) and (1.12) need some comments since the corresponding to (1.11) La-
grangian function
(1.13) L(t) := −m0 − q < A, x˙ >M4
depends only virtually on the unobservable rest mass parameter m0 ∈ R and, evidently, it has
no direct impact into the resulting particle dynamical equations following from the condition
δS(t) = 0. Nonetheless, the rest mass springs up as a suitable Lagrangian multiplier owing to the
imposed constraint (1.12). To demonstrate this consider the extended Lagrangian function (1.13)
in the form
(1.14) L
(t)
λ := −m0 − q < A, x˙ >M4 −λ(< x˙, x˙ >
1/2
M4 −1),
where λ ∈ R is a suitable Lagrangian multiplier. The resulting Euler equations look as
Pr : = ∂L
(t)
λ /∂r˙ = qA+ λr˙, Pt := ∂L
(t)
λ /∂t˙ = −qϕ− λt˙,
∂L
(t)
λ /∂λ = < x˙, x˙ >
1/2
M4 −1 = 0, dPr/dτ = q∇r < A, r˙ >E3 −qt˙∇rϕ,
dPt/dτ = q < ∂A/∂t, r˙ >E3 −qt˙∂ϕ/∂t,(1.15)
giving rise, owing to relationship (1.4), to the following dynamical equations:
(1.16)
d
dt
(λut˙) = qE + qu×B,
d
dt
(λt˙) = q < E, u >E3 ,
where we denoted by
(1.17) E := −∂A/∂t−∇ϕ, B = ∇×A
the corresponding electric and magnetic fields. As a simple consequence of (1.16) one obtains
(1.18)
d
dt
ln(λt˙) +
d
dt
ln(1− u2)1/2 = 0,
being equivalent for all t ∈ R, owing to relationship (1.4), to the relationship
(1.19) λt˙(1− u2)1/2 = λ := m0,
where m0 ∈ R+ is a constant, which could be interpreted as the rest mass of our charged point
particle q. Really, the first equation of (1.16) can be rewritten as
(1.20) dp/dt = qE + qu×B,
where we denoted
(1.21) p := mu, m := λt˙ = m0(1− u
2)−1/2,
coinciding exactly with that of (1.4).
Thereby, we retrieved here all of the results obtained in section above, making use of the ac-
tion functional (1.11), represented with respect to the rest reference system Kr under constraint
(1.12). During these derivations, we faced with a very delicate inconsistency property of definition
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of the action functional S(t), defined with respect to the rest reference system Kr, but depending
on the external electromagnetic potential function A : M4 → T ∗(M4), constructed exceptionally
with respect to the laboratory reference system K. Namely, this potential function, as a physical
observable quantity, is defined and, respectively, measurable only with respect to the fixed labora-
tory reference system K. This, in particular, means that a physically reasonable action functional
should be constructed by means of an expression strongly calculated within the laboratory refer-
ence system K by means of coordinates (r, t) ∈ M4 and later suitably transformed subject to the
rest reference system Kr coordinates (r, τ ) ∈ E
4, respective for the real charged point particle q
motion. Thus, the corresponding action functional, in reality, should be from the very beginning
written as
(1.22) S(τ) =
t(τ2)∫
t(τ1)
(−q < A, x˙ >E3)dt,
where x˙ := dx/dt, t ∈ R, being calculated on some time interval [t(τ1), t(τ2)] ⊂ R, suitably related
with the proper motion of the charged point particle q on the true time interval [τ1, τ2] ⊂ R with
respect to the rest reference system Kr and whose charge value is assumed so negligible that it
exerts no influence on the external electromagnetic field. The problem now arises: how to compute
correctly the variation δS(τ) = 0 of the action functional (1.22)?
To reply to this question we will turn to the Feynman reasonings from [4], where he argued,
when deriving the relativistic Lorentz force expression, that the real charged particle dynamics
can be physically not ambiguously determined only with respect to the rest reference system time
parameter. Namely, Feynman wrote: ”...we calculate a growth ∆x for a small time interval ∆t.
But in the other reference system the interval ∆t may correspond to changing both t′ and x′,
thereby at the change of the only t′ the suitable change of x will be other... Making use of the
quantity dτ one can determine a good differential operator d/dτ , as it is invariant with respect to
the Lorentz reference systems transformations”. This means that if our charged particle q moves
in the Minkovski space M4 during the time interval [t1, t2] ⊂ R with respect to the laboratory
reference system K, its proper real and invariant time of motion with respect to the rest reference
system Kr will be respectively [τ1, τ2] ⊂ R.
As a corollary of the Feynman reasonings, we arrive at the necessity to rewrite the action
functional (1.22) as
(1.23) S(τ) =
τ2∫
τ1
(−q < A, x˙ >M4)dτ , δx(τ1) = 0 = δx(τ2),
where x˙ := dx/dτ , τ ∈ R, under the additional constraint
(1.24) < x˙, x˙ >
1/2
M4= 1,
being equivalent to the infinitesimal transformation (1.4). Simultaneously the proper time interval
[τ1, τ2] ⊂ R is mapped on the time interval [t1, t2] ⊂ R by means of the infinitesimal transformation
(1.25) dt = dτ (1 + r˙2)1/2,
where r˙ := dr/dτ , τ ∈ R. Thus, we can now pose the true least action problem equivalent to (1.23)
as
(1.26) δS(τ) = 0, δr(τ 1) = 0 = δr(τ2),
where the functional
(1.27) S(τ) =
τ2∫
τ1
[−W¯ (1 + r˙2)1/2 + q < A, r˙ >E3 ]dτ
is characterized by the Lagrangian function
(1.28) L(τ) := −W¯ (1 + r˙2)1/2 + q < A, r˙ >E3 .
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Here we denoted, for further convenience, W¯ := qϕ, being the suitable vacuum field [6, 7, 8, 18]
potential function. The resulting Euler equation gives rise to the following relationships
P : = ∂L(τ)/∂r˙ = −W¯ r˙(1 + r˙2)−1/2 + qA,(1.29)
dP/dτ : = ∂L(τ)/∂r = −∇W¯ (1 + r˙2)1/2 + q∇ < A, r˙ >E3 .
Making now use once more of the infinitesimal transformation (1.25) and the crucial dynamical
particle mass definition [6, 8, 18] (in the light speed units )
(1.30) m := −W¯ ,
we can easily rewrite equations (1.29) with respect to the parameter t ∈ R as the classical
relativistic Lorentz force:
(1.31) dp/dt = qE + qu×B,
where we denoted
p : = mu, u := dr/dt,(1.32)
B : = ∇×A, E := −q−1∇W¯ − ∂A/∂t.
Thus, we obtained once more the relativistic Lorentz force expression (1.31), but slightly different
from (1.6), since the classical relativistic momentum expression of (1.7) does not completely
coincide with our modified relativistic momentum expression
(1.33) p = −W¯u,
depending strongly on the scalar vacuum field potential function W¯ : M4 → R. But if to recall
here that our action functional (1.23) was written under the assumption that the particle charge
value q is negligible and not exerting the essential influence on the electromagnetic field source,
we can make use of the before obtained in [8, 6, 18] result, that the vacuum field potential function
W¯ :M4 → R, owing to (1.31)-(1.33), satisfies as q → 0 the dynamical equation
(1.34) d(−W¯u)/dt ≃ −∇W¯ ,
whose solution will be exactly the expression
(1.35) − W¯ = m0(1− u
2)−1/2, m0 = − W¯
∣∣
u=0
.
Thereby, we have arrived, owing to (1.35) and (1.33), at the almost full coincidence of our result
(1.31) for the relativistic Lorentz force with that of (1.6) under the condition q → 0.
The obtained above results and inferences we will formulate as the following proposition.
Proposition 1.1. Under the assumption of the negligible influence of a charged point particle q
on an external electromagnetic field source a true physically reasonable action functional can be
given by expression (1.22), being equivalently defined with respect to the rest reference system Kr
in form (1.23),(1.24). The resulting relativistic Lorentz force (1.31) coincides almost exactly with
that of (1.6), obtained from the classical Einstein type action functional (1.1), but the momentum
expression (1.33) differs from the classical expression (1.7), taking into account the related vacuum
field potential interaction energy impact.
As an important corollary we make the following.
Corollary 1.2. The Lorentz force expression (1.31) should be in due course corrected in the case
when the weak charge q influence assumption made above does not hold.
Remark 1.3. Concerning the infinitesimal relationship (1.25) one can observe that it reflects the
Euclidean nature of transformations R ∋ t⇋ τ ∈ R.
In spite of the results obtained above by means of two different least action principles (1.1) and
(1.23), we must claim here that the first one possesses some logical controversies, which may give
rise to unpredictable, unexplainable and even nonphysical effects. Amongst these controversies we
mention: i) the definition of Lagrangian function (1.3) as an expression, depending on the external
and undefined rest mass parameter with respect to the rest reference system Kr time parameter
τ ∈ R, but serving as an variational integrand with respect to the laboratory reference system K
time parameter t ∈ R; ii) the least action condition (1.1) is calculated with respect to the fixed
6 N.N. BOGOLUBOV (JR.), A.K. PRYKARPATSKY, AND U. TANERI
boundary conditions at the ends of a time interval [t1, t2] ⊂ R, thereby the resulting dynamics
becomes strongly dependent on the chosen laboratory reference system K, what is, following the
Feynman arguments [4, 5], physically unreasonable; iii) the resulting relativistic particle mass and
its energy depend only on the particle velocity in the laboratory reference system K, not taking
into account the present vacuum field potential energy, exerting not trivial action on the particle
motion; iv) the assumption concerning the negligible influence of a charged point particle on the
external electromagnetic field source is also physically inconsistent.
2. The charged point particle least action principle revisited: the vacuum field
theory approach
2.1. A free charged point particle in the vacuum medium. We start now from the following
action functional for a charged point particle q moving with velocity u := dr/dt ∈ E3 with respect
to a laboratory reference system K :
(2.1) S(τ) := −
∫ t(τ1)
t(τ2)
W¯dt,
being defined on the time interval [t(τ1), t(τ2)] ⊂ R by means of a vacuum field potential function
W¯ : M4 → R, characterizing the intrinsic properties of the vacuum medium and its interaction
with a charged point particle q, jointly with the constraint
(2.2) < ξ˙, ξ˙ >
1/2
E4
= 1,
where ξ := (r, τ ) ∈ E4 is a charged point particle position 4-vector with respect to the proper
rest reference system Kr, ξ˙ := dξ/dt, t ∈ R. As the real dynamics of our charged point particle
q depends strongly only on the time interval [τ1, τ2] ⊂ R of its own motion subject to the rest
reference system Kr, we need to calculate the extremality condition
(2.3) δS(τ) = 0, δr(τ1) = 0 = δr(τ 2).
As action functional (2.1) is equivalent, owing to (2.2) or (1.25), to the following:
(2.4) S(τ) := −
∫ τ1
τ2
W¯ (1 + r˙2)1/2dτ ,
where, by definition, r˙ := dr/dτ , τ ∈ R, from (2.4) and (2.3) one easily obtains that
(2.5) p := −W¯ r˙(1 + r˙2)−1/2, dp/dτ = −∇W¯ (1 + r˙2)1/2.
Taking into account once more relationship (1.25) we can rewrite (2.5) equivalently as
(2.6) dp/dt = −∇W¯ , p := −W¯u.
If to recall the dynamic mass definition (1.30), equation (2.6) turns into the Newton dynamical
expression
(2.7) dp/dt = −∇W¯ , p = mu.
Having observed now that equation (2.7) is completely equivalent to equation (1.34), we obtain
right away from (1.35) that the particle mass
(2.8) m = m0(1− u
2)−1/2,
where
(2.9) m0 := − W¯
∣∣
u=0
is the so called particle rest mass. Moreover, since the corresponding to (2.4) Lagrangian function
(2.10) L(τ) := −W¯ (1 + r˙2)1/2
is not degenerate, we can easily construct [1, 2, 12, 10, 8] the related conservative Hamiltonian
function
(2.11) H(τ) = −(W¯ 2 − p2)1/2,
satisfying the canonical Hamiltonian equations
(2.12) dr/dτ = ∂H(τ)/∂p, dp/dτ = −∂H(τ)/∂r
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and conservation conditions
(2.13) dH(τ)/dt = 0 = dH(τ)/dτ
for all τ , t ∈ R. Thereby, the quantity
(2.14) E := (W¯ 2 − p2)1/2
can be naturally interpreted as the point particle total energy.
It is important to note here that energy expression (2.14) takes into account both kinetic and
potential energies, but the particle dynamic mass (2.8) depends only on its velocity, reflecting its
free motion in vacuum. Moreover, since the vacuum potential function W¯ : M4 → R is not,
in general, constant, we claim that the motion of our particle q with respect to the laboratory
reference system K is not, in general, linear and with not constant velocity, the situation, being
already discussed before by R. Feynman in [5]. Thus, we obtained the classical relativistic mass
dependence on the freely moving particle velocity (2.8), taking into account both the nonconstant
vacuum potential function W¯ :M4 → R and the particle velocity u ∈ E3.
Mention also here that the vacuum potential function W¯ : M4 → R itself should be simul-
taneously found by means of a suitable solution to the Maxwell equation ∂2W/∂t2 − ∆W = ρ,
where ρ ∈ R is an ambient charge density and, by definition, W¯ (r(t)) := limr→r(t) W (r, t)| , with
r(t) ∈ E3 being the position of the charged point particle at a time moment t ∈ R.
Return now to expression (2.1) and rewrite it in the following invariant form
(2.15) S(τ) = −
∫ s(τ2)
s(τ1)
W¯ < ξ˙, ξ˙ >
1/2
E4
ds,
where, by definition, s ∈ R parameterizes the particle world line related with the laboratory
reference system K time parameter t ∈ R by means of the Euclidean infinitesimal relationship
(2.16) dt :=< ξ˙, ξ˙ >
1/2
E4
ds.
It is easy to observe that at s = t ∈ R functional (2.15) turns into (2.1) and (2.2). The action
functional (2.15) is to be supplemented with the boundary conditions
(2.17) δξ(s(τ1)) = 0 = δξ(s(τ2)),
which are, obviously, completely equivalent to those of (2.3), since the mapping R ∋ s ⇋ t ∈ R,
owing to definition (2.16) is one-to-one.
Having calculated the least action condition δS(τ) = 0 under constraints (2.17), one easily
obtains the same equation (2.6) and relationships (2.8), (2.14) for the particle dynamical mass and
its conservative energy, respectively.
2.2. The charged point particle electrodynamics. We would like to generalize the results
obtained above for a free point particle in the vacuum medium on the case of a charged point
particle q interacting with external charged point particle qf , both moving with respect to a
laboratory reference system K. Within the vacuum field theory approach, devised in [6, 7, 8], it
is naturally to reduce the formulated problem to that considered above, having introduced the
reference system Kf moving with respect to the reference system K with the same velocity as
that of the external charged point particle qf . Thus, if considered with respect to the laboratory
reference Kf , the external charged particle qf will be in rest, but the test charged point particle
q will be moving with the resulting velocity u − uf ∈ T (E
3), where, by definition, u := dr/dt,
uf := drf/dt, t ∈ R, are the corresponding velocities of these charged point particles q and qf
with respect to the laboratory reference system K. As a result of these reasonings we can write the
following action functional expression
(2.18) S(τ) = −
∫ s(τ2)
s(τ1)
W¯ < η˙f , η˙f >
1/2
E4
ds,
where, by definition, ηf := (τ , r−rf ) ∈ E
4 is the charged point particle q position coordinates with
respect to the rest reference systemKr and calculated subject to the introduced laboratory reference
system Kf , s ∈ R parameterizes the corresponding point particle world line, being infinitesimally
related to the time parameter t ∈ R as
(2.19) dt :=< η˙f , η˙f >
1/2
E4
ds.
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The boundary conditions for functional (2.18) are taken naturally in the form
(2.20) δξ(s(τ1)) = 0 = δξ(s(τ2),
where ξ = (τ , r) ∈ E4. The least action condition δS(τ) = 0 jointly with (2.20) gives rise to the
following equations:
P : = ∂L(τ)/∂ξ˙ = −W¯ η˙f < η˙f , η˙f >
−1/2
E4
,
dP/ds : = ∂L(τ)/∂ξ = −∇ξW¯ < η˙f , η˙f >
1/2
E4
,(2.21)
where the Lagrangian function equals
(2.22) L(τ) := −W¯ < η˙f , η˙f >
1/2
E4
.
Having now defined the charged point particle q momentum p ∈ T ∗(E3) as
(2.23) p := −W¯ r˙ < η˙f , η˙f >
−1/2
E4
= −W¯u
and the induced external magnetic vector potential A ∈ T ∗(E3) as
(2.24) qA := W¯ r˙f < η˙f , η˙f >
−1/2
E4
= W¯uf ,
we obtain, owing to relationship (2.19), the relativistic Lorentz type force expression
(2.25) dp/dt = qE + qu×B − q∇ < u,A >E3 ,
where we denoted, by definition,
(2.26) E := −q−1∇W¯ − ∂A/∂t, B = ∇×A,
being, respectively, the external electric and magnetic fields, acting on the charged point particle
q.
The result (2.25) contains the additional Lorentz force component
(2.27) Fc := −q∇ < u,A >E3 ,
not present in the classical relativistic Lorentz force expressions (1.6) and (1.31), obtained before.
Moreover, from (2.23) one obtains that the point particle q momentum
(2.28) p = −W¯u := mu,
where the particle mass
(2.29) m := −W¯
does not already coincide with the corresponding classical relativistic relationship of (1.7).
Consider now the least action condition for functional (2.18) at the critical parameter s = τ ∈
R :
δS(τ) = 0, δr(τ 1) = 0 = δr(τ 2),(2.30)
S(τ) : = −
∫ τ2
τ1
W¯ (1 + |r˙ − r˙f |
2)1/2dτ .
The resulting Lagrangian function
(2.31) L(τ) := −W¯ (1 + |r˙ − r˙f |
2)1/2
gives rise to the generalized momentum expression
(2.32) P := ∂L(τ)/∂r˙ = −W¯ (r˙ − r˙f )(1 + |r˙ − r˙f |
2)−1/2 := p+ qA,
which makes it possible to construct [1, 2, 9, 12, 10] the corresponding Hamiltonian function as
H : =< P, r˙ >E3 −L
(τ) = −(W¯ 2 − |p+ qA|2)1/2 −
− < p+ qA, qA >E3 (W¯
2 − |p+ qA|2)−1/2,(2.33)
satisfying the canonical Hamiltonian equations
(2.34) dP/dτ := ∂H/∂r, dr/dτ := −∂H/∂r,
evolving with respect to the proper rest reference system time τ ∈ R parameter. When deriving
(2.33) we made use of relationship (2.19) at s = τ ∈ R jointly with definitions (2.23) and (2.24).
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Since the Hamiltonian function (2.33) is conservative with respect to the evolution parameter
τ ∈ R, owing to relationship (2.19) at s = τ ∈ R one obtains that
(2.35) dH/dτ = 0 = dH/dt
for all t, τ ∈ R. The obtained results one can formulated as the following proposition.
Proposition 2.1. The charged point particle electrodynamics, related with the least action principle
(2.18) and (2.20), reduces to the modified Lorentz type force equation (2.25), and is equivalent
to the canonical Hamilton system (2.34) with respect to the proper rest reference system time
parameter τ ∈ R. The corresponding Hamiltonian function (2.33) is a conservation law for the
Lorentz type dynamics (2.25), satisfying the conditions (2.35) with respect to the both reference
systems parameters t, τ ∈ R.
As a corollary, the corresponding energy expression for electrodynamical model (2.25) can be
defined as
(2.36) E := (W¯ 2 − |p+ qA|2)1/2+ < p+ qA, qA >E3 (W¯
2 − |p+ qA|2)−1/2.
The obtained above energy expression (2.36) is a necessary ingredient for quantizing the relativistic
electrodynamics (2.25) of our charged point particle q under the external electromagnetic field
influence.
3. A new hadronic string model: the least action principle and relativistic
electrodynamics analysis within the vacuum field theory approach
3.1. A new hadronic string model least action formulation. A classical relativistic hadronic
string model was first proposed in [24, 25, 26] and deeply studied in [23], making use of the least
action principle and related Lagrangian and Hamiltonian formalisms. We will not here discuss
this classical string model and not comment physical problems accompanying it, especially those
related with its diverse quantization versions, but proceed to formulating a new relativistic hadronic
string model, constructed by means of the vacuum field theory approach, devised in [6, 7, 8]. The
corresponding least action principle is, following [23], formulated as
(3.1) δS(τ) = 0, S(τ) :=
∫ s(τ2)
s(τ1)
ds
∫ σ2(s)
σ1(s)
W¯ (x(ξ))(ξ˙
2
ξ′2− < ξ˙, ξ′ >2
E4
)1/2dσ ∧ ds,
where W¯ : M4 → R is a vacuum field potential function, characterizing the interaction of the
vacuum medium with our string object, the differential 2-form dΣ(2) := (ξ˙
2
ξ′2− < ξ˙, ξ′ >2
E4
)1/2dσ∧
ds = 2
√
g(ξ)dσ∧ds, g(ξ) := det(gij(ξ)|i,j=1,2), ξ˙
2
:= < ξ˙, ξ˙ >E4 , ξ
′,2 := < ξ′, ξ′ >E4 , being related
with the Euclidean infinitesimal metrics dz2 :=< dξ, dξ >E4= g11(ξ)dσ
2+ g12(ξ)dσds+ g21(ξ)dsdσ
+g22(ξ)ds
2 on the string world surface, means [1, 11, 12, 23] the infinitesimal two-dimensional
world surface element, parameterized by variables (σ, s) ∈ E2 and embedded into the 4-dimensional
Euclidean space-time with coordinates ξ := (r, τ (σ, s))) ∈ E4 subject to the proper rest reference
system K, ξ˙ := ∂ξ/∂s, ξ′ := ∂ξ/∂σ are the corresponding partial derivatives. The related boundary
conditions are chosen as
(3.2) δξ(σ(s), s) = 0 = δξ(σ(s), s)
for all s ∈ R. The action functional expression is strongly motivated by that constructed for the
point particle action functional (2.1):
(3.3) S(τ) := −
∫ σ2
σ1
dl(σ)
∫ t(σ,τ2)
t(σ,τ1)
W¯dt(τ , σ),
where the laboratory reference time parameter t(τ , σ) ∈ R is related to the proper rest string ref-
erence system time parameter τ ∈ R by means of the standard Euclidean infinitesimal relationship
(3.4) dt(τ , σ) := (1 + r˙2⊥(τ , σ))
1/2dτ ,
with σ ∈ [σ1, σ2] being a spatial variable parameterizing the string length measure dl(σ) on the
real axis R, r˙⊥(τ , σ) := Nˆ r˙(τ , σ) ∈ E
3 being the orthogonal to the string velocity component, and
(3.5) Nˆ := (1− r′,−2r′ ⊗ r′),
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being the corresponding projector operator in E3 on the orthogonal to the string direction, ex-
pressed for brevity by means of the standard tensor product ”⊗ ” in the Euclidean space E3. The
result of calculation of (3.3) gives rise to the following expression
(3.6) S(τ) = −
∫ τ2
τ1
dτ
∫ σ2(τ)
σ1(τ)
W¯ [(r′,2(1 + r˙2)− < r˙, r′ >E3 ]
1/2d σ,
where we made use of the infinitesimal measure representation dl(σ) =< r′, r′ >
1/2
E3
dσ, σ ∈
[σ1, σ2]. If now to introduce on the string world surface local coordinates (σ, s(τ , σ)) ∈ E
2 and the
related Euclidean string position vector ξ := (r(σ, s), τ ) ∈ E4, the string action functional reduces
equivalently to that of (3.1).
Below we will proceed to Lagrangian and Hamiltonian analyzing the least action conditions for
expressions (3.1) and (3.6).
3.2. Lagrangian and Hamiltonian analysis. First we will obtain the corresponding to (3.1)
Euler equations with respect to the special [23, 12] internal conformal variables (σ, s) ∈ E2 on the
world string surface, with respect to which the metrics on it becomes equal to dz2 = ξ′,2dσ2+ ξ˙
2
ds2,
where < ξ′, ξ˙ >E4= 0 = ξ
′,2 − ξ˙
2
, and the corresponding infinitesimal world surface measure dΣ(2)
becomes dΣ(2) = (ξ′,2ξ˙
2
)1/2dσ ∧ ds. As a result of simple calculations one finds the linear second
order partial differential equation
(3.7) ∂(W¯ ξ˙)/∂s+ ∂(W¯ ξ′)/∂σ = (ξ′,2ξ˙
2
)1/2∂W¯/∂σ
under the suitably chosen boundary conditions
(3.8) ξ′ − ξ˙ σ˙ = 0
for all s ∈ R. It is interesting to mention that the equation (3.7) is of elliptic type, contrary to
the case considered before in [23]. This is, evidently, owing to the fact that the resulting metrics
on the string world surface is Euclidean, as we took into account that the real string motion is, in
reality, realized with respect to its proper rest reference system Kr, being not dependent on the
string motion observation data, measured with respect to any external laboratory reference system
K.
The differential equation (3.7) strongly depends on the vacuum field potential function W¯ :
M4 → R, which, as a function of the Minkovski 4-vector variable x := (r, t(σ, s)) ∈ M4 of the
laboratory reference system K, should be expressed by means of the infinitesimal relationship (3.4)
in the following form:
(3.9) dt =< Nˆ∂ξ/∂τ, Nˆ∂ξ/∂τ >1/2 (
∂τ
∂s
ds+
∂τ
∂σ
dσ),
defined on the string world surface. The function W¯ : M4 → R itself should be simultaneously
found by means of a suitable solution to the Maxwell equation ∂2W/∂t2−∆W = ρ, where ρ ∈ R is
an ambient charge density and, by definition, W¯ (r(t)) := limr→r(t) W (r, t)| , with r(t) ∈ E
3 being
the position of the string element with coordinates (σ, τ ) ∈ E2 at a time moment t = t(σ, τ) ∈ R.
Proceed now to constructing the dynamical Euler equations for our string model, making use
of action functional (3.6). It is easy to calculate that the generalized momentum
p : = ∂L(τ)/∂r˙ =
−W¯ (r′2 r˙ − r′ < r′, r˙ >E3)
[r′,2(r˙2 + 1)− < r′, r˙ >2
E3
]1/2
=
=
−W¯ (r′2Nˆ r˙)
[r′,2(r˙2 + 1)− < r′, r˙ >2
E3
]1/2
(3.10)
satisfies the dynamical equation
(3.11) dp/dτ := δL(τ)/δr = [r′,2(r˙2 + 1)− < r′, r˙ >2
E3
]1/2∇W¯ −
∂
∂σ
{W¯ [(1 + r˙2Tˆ )r′]−1/2},
where we denoted by
(3.12) L(τ) := −W¯ [(r′,2(1 + r˙2)− < r˙, r′ >E3 ]
1/2
the corresponding Lagrangian function and by
(3.13) Tˆ := 1− r˙−2 r˙ ⊗ r˙
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the related dynamic projector operator in E3. The Lagrangian function is degenerate [23, 12],
satisfying the obvious identity
(3.14) < p, r′ >E3= 0
for all τ ∈ R. Concerning the Hamiltonian formulation of the dynamics (3.11) we construct the
corresponding Hamiltonian functional as
H : =
∫ σ2
σ1
(< p, r˙ >E3 −L
(τ))dσ =
=
∫ σ2
σ1
{W¯ r′,2[r′,2(r˙2 + 1)− < r′, r˙ >2
E3
]−1/2dσ =
=
∫ σ2
σ1
[(W¯ r′)2 − p2]1/2dσ,(3.15)
satisfying the canonical equations
(3.16) dr/dτ := δH/δp, dp/dτ := −δH/δr,
where
(3.17) dH/dτ = 0,
holding only with respect to the proper rest reference system Kr time parameter τ ∈ R. Making
now use of identity (3.14) the Hamiltonian functional (3.15) can be equivalently represented as
(3.18) H =
∫ σ2
σ1
|W¯ r′ − p|dσ.
Moreover, concerning the obtained above result we need to mention here that one can not construct
the suitable Hamiltonian function expression and relationship of type (3.17) with respect to the
laboratory reference system K, since the expression (3.18) is not defined on the whole for a separate
laboratory time parameter t ∈ R locally dependent both on the spatial parameter σ ∈ R and the
proper rest reference system time parameter τ ∈ R.
Thereby, one can formulate the following proposition.
Proposition 3.1. The hadronic string model (3.1) allows on the related world surface the con-
formal local coordinates, with respect to which the resulting dynamics is described by means of the
linear second order elliptic equation (3.7). Subject to the proper rest reference system Euclidean
coordinates the corresponding dynamics is equivalent to the canonical Hamiltonian equations (3.16)
with Hamiltonian functional (3.15).
Proceed now to constructing the action functional expression for a charged string under an
external magnetic field, generated by a point velocity charged particle qf , moving with some
velocity uf := drf/dt ∈ E
3 subject to a laboratory reference system K. To solve this problem
we make use of the trick of Section 2 above, passing to the proper rest reference system Kr with
respect to the relative reference system Kf , moving with velocity uf ∈ E
3. As a result of this
reasoning we can write down the action functional:
(3.19) S(τ) = −
∫ τ2
τ1
dτ
∫ σ2(τ)
σ1(τ)
W¯ [r′,2(1 + (r˙ − r˙f )
2)− < r˙ − r˙f , r
′ >2
E3
]1/2d σ,
giving rise to the following dynamical equation
dP/dτ : = δL(τ)/δr = −[r′,2(1 + (r˙ − r˙f )
2)− < r˙ − r˙f , r
′ >2
E3
]1/2∇W¯ +(3.20)
+
∂
∂σ
{
W¯ [1 + (r˙ − r˙f )
2Tˆf ]r
′
[r′,2(1 + (r˙ − r˙f )2)− < r˙ − r˙f , r′ >2E3 ]
1/2
}
,
where the generalized momentum
(3.21) P :=
−W¯ [r′2Nˆ(r˙ − r˙f )]
[r′,2(1 + (r˙ − r˙f )2)− < r˙ − r˙f , r′ >2E3 ]
1/2
and the projection operator in E3
(3.22) Tˆf := 1− (r˙ − r˙f )
−2 (r˙ − r˙f )⊗ (r˙ − r˙f ).
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Having defined by
(3.23) p :=
−W¯ (r′2Nˆ r˙)
[r′,2(1 + (r˙ − r˙f )2)− < r˙ − r˙f , r′ >2E3 ]
1/2
the local string momentum and by
(3.24) qA :=
W¯ (r′2Nˆ r˙f )
[r′,2(1 + (r˙ − r˙f )2)− < r˙ − r˙f , r′ >2E3 ]
1/2
the external vector magnetic potential, equation (3.20) reduces to
(3.25)
dp/dτ = qr˙ ×B − q∇ < A, r˙ >E3 −q
∂A
∂τ −
−[r′,2(1 + (r˙ − r˙f )
2)− < r˙ − r˙f , r
′ >2
E3
]1/2∇W¯+
+ ∂∂σ
{
W¯ [1+(r˙−r˙f )
2Tˆf ]r
′
[r′,2(1+(r˙−r˙f )2)−<r˙−r˙f ,r′>2
E3
]1/2
}
,
where q ∈ R is a charge density, distributed along the string length, B := ∇×A means the external
magnetic field, acting on the string. The expression, defined as
E : = −q
∂A
∂τ
− [r′,2(1 + (r˙ − r˙f )
2)− < r˙ − r˙f , r
′ >2
E3
]1/2∇W¯ +(3.26)
+
∂
∂σ
{
W¯ [1 + (r˙ − r˙f )
2Tˆf ]r
′
[r′,2(1 + (r˙ − r˙f )2)− < r˙ − r˙f , r′ >2E3 ]
1/2
}
,
similarly to the charged point particle case, models a related electric field, exerted on the string
by the external electric charge qf . Making use of the standard scheme, one can derive, as above,
the Hamiltonian interpretation of dynamical equations (3.20), on which we will not stay here in
more details.
4. Conclusion
Based on the vacuum field theory approach, devised recently in [6, 7, 8], we revisited the
alternative charged point particle and hadronic string electrodynamics models, having succeeded
in treating their Lagrangian and Hamiltonian properties. The obtained results were compared with
classical ones, owing to which a physically motivated choice of a true model was argued. Another
important aspect of the developed vacuum field theory approach consists in singling out the decisive
role of the related rest reference system Kr, with respect to which the relativistic object motion,
in reality, realizes. Namely, with respect to the proper rest reference system evolution parameter
τ ∈ R all of our electrodynamics models allow both the Lagrangian and Hamiltonian physically
reasonable formulations, suitable for the canonical procedure. The deeper physical nature of this
fact remains, by now, we assume, not enough understood. We would like here to recall only a very
interesting reasonings by R. Feynman who argued in [4, 5] that the relativistic expressions have
physical sense only with respect to the proper rest reference systems. In a sequel of our work we
plan to analyze our relativistic electrodynamic models subject to their quantization and make a
step toward the related vacuum quantum field theory of infinite many particle systems.
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